We consider the exchange of identical scalar particles in theories with κ-deformed Poincaré symmetry. We argue that, at least in 1+1 dimensions, the symmetric group S N can be realized on the space of N -particle states in a κ-covariant fashion. For the case of two particles this realization is unique: we show that there is only one non-trivial intertwiner, which automatically squares to the identity.
Introduction
The universal enveloping algebra U(P ) of the Poincaré algebra is known to possess a family of deformations U κ (P ), with U ∞ (P ) = U(P ) (1.1) parameterized by a mass scale κ [1, 2, 3] . From the dual point of view, in the Hopf-algebraic sense [4] , there is a κ-deformation of the algebra of functions on the Poincaré group [5] .
Given the existence of this deformation, one would like to know how much of relativistic physics carries over to the κ-deformed case; in particular, there has been much interest in understanding κ-deformed quantum field theory [6, 7, 8, 9, 10] . Beyond the intrinsic mathematical appeal 3 , a physical motivation for this interest is that κ-Poincaré is known to be a symmetry of the kinematics (i.e. the properties of single particles or free fieldsnotably the dispersion relation) of a number of theories, in diverse contexts [15, 16, 17] . It is thus natural to hope that κ-Poincaré is in fact a full dynamical symmetry in certain cases.
In seeking to formulate quantum field theories with κ-Poincaré symmetry, one of the tasks that must be addressed is that of finding the correct modification of the usual algebra a † (p), a † (q) = 0, a(p), a(q) = 0, a(p), a † (q) ∼ δ(p − q) (1.3) of creation/annihilation operators of field modes. These statements encode the meaning of identical particles: the equation a † (p)a † (q) = a † (q)a † (p) specifies, in particular, that the two tensor product states |p ⊗ |q and |q ⊗ |p (1.4) are to be identified; both describe the same physical state of two identical bosons. This identification is covariant -it commutes with the action of the symmetry algebra -because the coproduct of Poincaré is just the usual cocommutative Leibnitz rule ∆X = 1 ⊗ X + X ⊗ 1.
(1.5)
The coproduct of κ-Poincaré, by contrast, is not cocommutative, and it is this which leads to the difficulty in defining states of many identical particles.
is a twist of the commutative case, as in e.g. [14, 8] , but (1.2) captures only part of the structure of U κ (P ).
This problem was addressed by Daszkiewicz, Lukierski and Woronowicz in [18, 19] , at least as far as the non-cocommutativity of the translation generators is concerned. They gave a modified version of the brackets (1.3) , constructed in such a way that the states which are identified have the same total momentum. It is then natural to ask whether there exists a notion of particle exchange which commutes with the entire κ-Poincaré algebra, including the Lorentz sector, and so is frame-independent.
We gave a partial answer in [20] , in which we showed that for the case of two scalar particles, and perturbatively to third order in 1 κ , there is a unique covariant map exchanging the particles. Of course, one would like to understand why this should be true exactly, rather than just in perturbation theory, and further to know whether particle exchange can still be defined covariantly for states of more than two particles. That is, if V m = {states of a single scalar particle of mass m} (1.6) as defined in section 2 below, the question is whether there exists for every N a realization of the symmetric group S N on the N-fold tensor product
with the property that the action of S N commutes with that of the κ-Poincaré algebra, and reduces as κ → ∞ to permutation of the tensor factors so that the standard notion of particle exchange is recovered in the undeformed limit. The space of states of N bosons of this species is then V ⊗N m /S N .
In the present work, limiting ourselves to 1+1 dimensions, we will argue that such a definition of particle exchange is possible. We will prove it only for four particles or fewer, but the pattern will by then have become reasonably clear. In the case of two particles, we will find that there is only one non-trivial intertwiner τ :
For three or more particles, we will show merely that realizations of S N exist; further work is needed to show that one in particular is (we anticipate) picked out in some natural fashion.
It is worth commenting on the significance of the 1+1 dimensional case. In 1+1 dimensions the concept of identical particles of course becomes rather subtle, because, intuitively speaking, it is not possible to exchange two wave-packets without bringing them close together and letting them interact. This fact underlies much of the rich algebraic structure of integrable quantum field theory (notably ). From a purely 1+1 dimensional perspective, then, it is not obvious that defining a realization of S N in the sense above is necessary. Even in 2+1 dimensions exotic statistics are possible, because one can distinguish "over-crossings" from "under-crossings" when exchanging particles. (See [22] for a discussion of the role of κ-Poincaré in 2+1 dimensional theories of gravity). We should therefore stress that here we are treating 1+1 dimensions as a warm-up for 3+1 and higher dimensions: if S N is to act covariantly in 3+1 dimensions, it is necessary (though not sufficient) that it can do so in 1+1.
On the subject of exotic statistics, it should also be emphasised that the (unique) intertwiner τ : V m ⊗ V m → V m ⊗ V m we find below automatically has the property that τ 2 = id: this is not an extra condition one can choose to place on τ , but is simply true.
With quantum Frobenius-Schur duality in mind (see e.g. [23] , chapter 10) one might perhaps have expected the intertwiners of representations of U κ (P ) to obey some sort of Hecke-like relations -but, luckily for the project of κ-deformed field theory, this intuition from the case of simple q-deformed algebras fails.
The structure of this paper is as follows: after recalling in section 2 the definition of the 1 + 1 dimensional κ-Poincaré algebra and the relevance of elliptic rapidity variables, we consider the two-particle case in section 3. Then in section 4 we generalize to states of 3 and 4 particles, before concluding with comments on the general many-particle case and some further discussion in section 5. In an appendix we give an extension of the 3+1 dimensional work in [20] to the case of three particles.
1+1 dimensional κ-Poincaré, and elliptic rapidities
The Algebra U κ (P ) For the present purposes it is most convenient to work in the original basis of [1, 2] , rather than the bicrossproduct basis subsequently found in [3] . In the original basis the two-dimensional κ-Poincaré algebra U κ (P ) is defined by 1) where N is the generator of boosts and P µ , µ = 1, 2, are the momentum generators. The coalgebra is given by
(2.2)
and, for completeness, the antipode and counit maps are
The Casimir takes the form
Although much of what follows will apply for general κ ∈ C, where it is relevant -e.g. in the shape of the contours of C in section 4 -we should stress that we consider only the case κ ∈ R, κ > 1. (2.8)
Single particles
The basis above lends itself to a natural parameterization of single-particle states in terms of Jacobi elliptic functions. Let V m be the space of states of a single scalar particle of mass m, m 2 > 0, spanned by the momentum modes
Then on wavefunctions ψ(p 0 , p 1 ) of states
the algebra generators are realized as
-the final equation following from the defining relations (2.1). The basis modes can be parameterized by a single "elliptic rapidity" or "uniformizing" variable z, [24] 12) defined by the demand that the boost generator be realized as
This yields differential equations for p 0 (z), p 1 (z), which are solved by setting
Here and in what follows, statements like "P 0 = p 0 " are of course really shorthand for
where the modulus is k = 2iκ/m (2.16) and K(k), iK ′ (k) are the elliptic quarter-periods. For an overview of the theory of elliptic functions see for example [25] . The shifts in the arguments here are chosen such that p µ (z) is real for real z and agrees in the limit κ → ∞ with the usual parameterization
of the mass shell. For finite κ we restrict the functions p µ (z) to the finite domain (note 2.19) at the end-points of which they have poles.
In what follows it will be useful to use the shorthand notation .20) and likewise for Cn and Dn.
Tensor products
The tensor product V m ⊗ V m carries, as usual, a representation of U κ (P ) specified by the coalgebra (2.2-2.4). On the wavefunctions ψ(r 0 , r 1 , s 0 , s 1 ) of states
in V m ⊗ V m the generators are realized as
( 2.22) and
where z, w are the elliptic rapidities of the momenta r µ = r µ (z) and s µ = s µ (w). This extends in an obvious fashion to give the action of the κ-Poincaré algebra U κ (P ) on the tensor product of three or more single-particle representations.
States of two identical particles
Our concern here is with the covariant definition of states of many identical particles, of mass say m. As discussed in the introduction this amounts to showing that there is a suitable realization of the symmetric group S N on the N-fold tensor product V ⊗N m . We begin with the case of two particles, and prove the following Claim 3.1 For any mass m there is a unique map
commuting with the action of U κ (P ) and such that τ = id. It obeys
In [20] we showed this in 3 + 1 dimensions to the first few orders in 1 κ by writing τ : |r µ ⊗ |s µ → |f µ (r, s) ⊗ |g µ (r, s) and solving for the functions f and g explicitly. 5 This has the merit of concreteness, but it obscures the symmetry implicit in τ 2 = id. We want to show here that, in the 1+1-dimensional case at least, the claim is true exactly rather than just perturbatively, so we approach the problem from a point of view in which this symmetry is manifest from the start.
The tensor product V m ⊗ V m decomposes into a direct sum of representations U M ,
labelled by the total value of the Casimir:
The lower bound in the integral is M 0 = 2κ sinh 2 sinh
. If we can show that for every M > M 0 the representation U M consists of the direct sum
of precisely two copies of the irrep V M , while at the lower bound
then we are effectively done, because the map we seek is necessarily the map exchanging the copies for all M > M 0 and acting trivially on the irreducible component U M 0 .
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This becomes very familiar in the undeformed limit κ = ∞ ⇔ k = ∞, in which M 0 is the usual mass threshold 2m. The (z, w) plane can be sketched as follows:
The boost generator is the constant vector field ∂ z + ∂ w , finite boosts are rigid translations in this direction, and the (bases of the) irreducible components of V m ⊗ V m are the solid diagonal lines labelled by the value of the rapidity difference
Exchanging the particles, in the undeformed sense τ κ=∞ : z ↔ w, flips the sign of µ while preserving M = 2m cosh 1 2 (z − w). We have drawn the contour µ = 0 in bold, and the contours of 1 2 (z + w) as dashed lines.
In the same spirit, when κ < ∞ the statements above about the U M are true if there exists a change of coordinates
on the space of basis states |z ⊗ |w such that the value M 2 of the Casimir is independent of φ and an even, convex function of µ. The coordinate µ should be invariant under boosts:
That is, in the notation introduced above in (2.20) ,
which may be solved by separation of variables to find
Here the overall factor is chosen so that µ → 1 2
(z − w) as κ → ∞, and the final term, independent of z, w and vanishing in the undeformed limit, is included to give the correct origin for µ in what follows. On rearranging and noting the standard identities for Jacobi elliptic functions
one has that
(3.13) Then, after some further use of standard identities in the second step, 15) and here, given (2.7), (2.14-2.15) and (2.22) , one recognizes the Casimir appearing on the right-hand side, yielding finally 17) which agrees with the standard κ = ∞ relation up to the k ∼ κ-dependent factor. This coordinate µ(z, w) is by definition unique up to reparametrization µ →μ(µ) by an odd, strictly monotonic, functionμ. To specify the change of coordinates (3.8) , and hence the map τ , it remains to choose a suitable function φ(z, w). Here there is more freedom, and (at least) three possible choices are worth commenting on.
For any φ(z, w) such that (µ, φ) is a good chart, the map 3.18) defines, for each µ > 0, a bijection between the pair of contours ±µ and hence between the bases of the two copies of V M (µ) in (3.5) . But, to commute with the action of U κ (P ), τ must identify the states correctly, sending the state with a given total momentum in one copy to the state with the same total momentum in the other. The simplest way to ensure this is simply to choose φ to be P 1 (z, w). This possibility is illustrated below, with k = 25i. As above, contours of µ(z, w), and hence of the Casimir, are drawn as continuous lines, with µ = 0 in bold. Contours of P 1 (left) and P 0 (right) are drawn as dashed lines.
(For clarity of the plots, equally spaced contours of sinh −1 (P i ) are shown.) A second choice of chart on the physical region ikK < z < −ikK, ikK < w < −ikK (3.19) of parameter space is as follows. Given the equation (3.9) for µ, it is natural to consider in addition to
the vector field
By construction N andÑ define a smoothly-varying orthogonal (with respect to the metric dz 2 + dw 2 ) frame everywhere in the region (3.19) . It follows that the functions µ and φ whose contours are integral curves of N andÑ respectively are good coordinates. A suitable solution toÑφ = 0 is
One may then compute 2κ sinh
and so it emerges that the total momentum P µ is invariant under (3.18) for this choice of φ. With these coordinates, (µ, φ), we have therefore proven claim 3.1 above.
The contours of µ and φ have the following shape (once more with k = 25i), which illustrates clearly how the action of τ is "warped" by the κ-deformation: The similarity of (3.23) and (3.17) to the usual undeformed expressions suggests that the following quantities are in a sense natural "two-particle-deformed" corrections to the rapidities z, w.
On the other hand, it is worth remarking that there is in principle a third choice of coordinates, (µ, ξ) say, with respect to which the two-particle boost operator has the form : to be precise
.) This coordinate ξ is the true elliptic rapidity of the two-particle state, in the sense discussed for one-particle states above; but working with it explicitly is rather awkward because one has to manipulate elliptic functions whose modulus is µ-dependent.
Additive momentum labels for two-particle states
Before moving on from the 2-particle to the many-particle case, let us digress briefly on the question of momentum labels for 2-particle states. One of our goals throughout is to keep as much of the usual structure from the undeformed case as possible, in order to find out which modifications are genuinely forced on us by the κ-deformation. So far we have established the existence of the intertwiner τ , which ensures that there is a covariant definition 3.27) of the space of two-particle states such that the counting of states agrees with the κ = ∞ result. In the undeformed case one also has a clear notion of the (unordered pair of) individual momenta
of the constituent particles of the state
because, obviously, exchange of particles merely permutes these momentum labels. Here the action of τ is more complicated, but, following [18, 19] , it is natural to ask whether nevertheless there exists a labelling of tensor product states
Our notation is related to that of [18] by (writing creation operators as a † )
in which the two-vectors r and s depend on p = (p 0 , p 1 ) and q = (q 0 , q 1 ) in such a way that τ ||p, q = ||q, p (3.31) and the total momentum is additive:
Let us consider placing on the labels p, q the further condition that the single-particle states |p and |q should both be on-shell with mass m. This means p and q are functions of rapidities,ž andw say: (3.34) as in (2.14-2.15) . Finding the functions r(p, q) and s(p, q) in (3.30) is then a matter of expressing the rapidities z and w (of r and s, as before) in terms ofž andw. Now, in view of (3.32) we have Amž + Amw = Amz + Amw after some straightforward manipulations in the second case. On the right here z and w may be replaced throughout by their checked counterparts. (Consider doubling eqn (3.35) and taking the sine.) One then has two linear equations for Nž and Nw in terms of the checked variables only, and crucially the symmetry of these equations is such that the solutions for Nž and Nw are related by flippingž ↔w. Therefore the boost operator
is symmetric underž ↔w, or equivalently under p ↔ q. Exchanging p ↔ q therefore commutes with boosting, so this must indeed be how the (unique) intertwiner τ of claim
In that paper eqns (3.32) were solved by setting a
)] = 0 then identifies pairs of states in V m ⊗ V m of equal total momentum, although not in a boost-covariant fashion.
3.1 acts in these coordinates. Thus, by demanding that p and q are individually on-shell, we have obtained (3.31) for free.
At first sight this is very appealing, because it seems to define a labelling of twoparticle states in which κ-deformed particle exchange acts in a simple fashion, and in which momentum is additive. This is indeed true for all those states in V m ⊗ V m which can be so labelled, but there is an important caveat: the change of variables (ž,w) ↔ (z, w) is not everywhere well-defined. This can be seen from the shapes of the contours of the total Casimir (solid lines) and momentum P 1 (dashed lines) in the (ž,w) plane, drawn below with k = 100i, Recall that in the (z, w) plane each contour of M 2 = C 12 intersects each contour of P 1 exactly twice (and τ exchanges these intersection points). By contrast, one sees that in the (ž,w) plane the contours of M are closed curves and can intersect contours of P 1 any number of times between zero and four. Some states in V m ⊗ V m therefore correspond to more than one pair (ž,w) -to two, in generic cases -and, perhaps more importantly, some states are not represented by any pair (ž,w).
More than 2 particles
We turn now to states of more than two particles. The two-particle case above was especially simple because there was only one exchange operation to be defined, but the broad approach will still apply. Consider first the case of three-particle states. The goal is to define in a κ-covariant fashion two maps,
which generate a copy of the symmetric group S 3 , 2) and are such that in the limit κ → ∞ the map τ 12 (τ 23 ) just exchanges the factors 1 and 2 (respectively 2 and 3) in the tensor product.
With rapidity parameters as in section 2, let us write the basis states of V ⊗3 m as
3)
The three-particle boost operator is then (cf 2.23)
and all functions in the kernel of N can be expressed in terms of
In particular, it is a lengthy but straightforward exercise to verify that the value C 123 of the Casimir (∆ ⊗ id)∆C on the state (4.3) is given by with the property that I preserves C 123 . Then I defines an intertwiner of κ-Poincaré. This is true essentially by construction: I commutes with boosts because the boost operator N preserves µ 12 , µ 23 , and the demand we made on the coordinate φ, together with the condition that I preserves C 123 , ensures that I preserves the momentum of states.
We must therefore find maps which are symmetries of the contours of the Casimir function. In contrast to the two-particle case, in which µ → −µ was the only possibility, here there is considerable freedom. The contours of C 123 in the plane of {µ 12 , µ 23 } are illustrated in figure 1 , for various values of k. We have chosen to draw the µ 12 and µ 23 axes 120
• apart. In the limit of vanishing deformation the contours are then "rounded"
hexagons, and are, as one would expect, preserved by the group A 2 ( ∼ = S 3 ) of rigid Euclidean reflections. Since
these reflections are indeed nothing but the exchange of particle rapidities: for example, reflection in the simple root α 1 is µ 12 → −µ 12 ; µ 23 → µ 12 + µ 23 , which is just z 1 ↔ z 2 .
As κ decreases, this rigid A 2 reflection symmetry of the contours is lost -which is no surprise: one would not expect the action of S 3 we seek to be linear in these variables. The important point, however, is that the contours are still topologically circles. It is in fact clear that this must be so from inspection of (4.8), in which, recall, k 2 < 0. Consequently, there certainly exist (suitably continuous) realizations of S 3 .
One realization of S 3 is obtained by projecting any given contour onto the unit circle along rays through the origin (possible since the contours are star-shaped about the origin), letting an element of S 3 act on the circle by rigid reflections of the plane, and then projecting back. This has the correct limiting behaviour by construction, and also respects the symmetries (µ 12 , µ 23 ) → (µ 23 , µ 12 ) and (µ 12 , µ 23 ) → (−µ 12 , −µ 23 ) apparent in figure  1 . But it is not clear that it is the preferred way for S 3 to act. There are, in particular, many ways to identify a given contour with the unit circle, and we expect that a preferred identification is picked out by some additional criteria we have not introduced.
Not all extra requirements on τ 12 , τ 23 are consistent of course. It might, for example, appear natural to demand that τ 12 (τ 23 ) preserve the value of the corresponding two-particle Casimir C 12 (C 23 ). But the unique maps with these properties which also preserve C 123 are, respectively,
(4.12) and
; µ 23 → −µ 23 (4.13) and for any finite k ∈ iR they fail to obey the braid relation τ 12 τ 23 τ 12 = τ 23 τ 12 τ 23 .
Four particles
Finally, let us discuss the 4-particle case briefly. Apart from the extra dimension the situation is entirely similar. It may be verified by direct computation that the total Casimir can be expressed in terms of the µ i,i+1 as follows. Figure 2 illustrates the contours of this function. Once more, with the A 3 ( ∼ = S 4 ) root system in mind, the plot is drawn with the µ 23 axis at 120
• to both the µ 12 and µ 34 axes, and the latter pair at right angles. One sees that for large k the contours are preserved by the rigid Euclidean reflections of A 3 and that for all k ∈ iR, k > 1, they are topologically 2-spheres.
Conclusions and open questions
In this paper we examined tensor products of the spin-zero representation of κ-Poincaré in 1+1 dimensions. We showed that for two-particle states there exists a unique covariant definition of particle exchange -that is, a unique non-trivial intertwiner. For states of three and four particles our result is that intertwining actions of the symmetric group exist, but the uniqueness of the two-particle case is lost. The key point is that, in the tensor product of n ≤ 4 particles, the set of irreducible components with any given common value of the Casimir has the topology of the sphere S n−2 . Whereas there is only one non-trivial way for S 2 to act on S 0 = {±1}, for n ≥ 3 there are many actions of S n ∼ = A n−1 on S n−2 with the correct κ → ∞ limit.
It seems reasonable to expect that the pattern of spheres persists for n > 4 particles, but further work is needed to verify this. We arrived at the expressions (4.8) and (4.14) for the three-and four-particle Casimirs by somewhat lengthy direct computation. There should be a more insightful approach which would yield the general expression for C 1...n . We anticipate that there is some preferred choice of variables in which these expressions simplify and it becomes clearer how the τ ii+1 should act. Finding these variables amounts to finding the natural labelling of many-particle states in κ-deformed theories, and is in a sense the central challenge for future work in this direction.
non-trivially only on the i,i+1st tensor factors -which accords with the results of section 4 above.
